Chapter 4 Least-Mean-Square
Algorithm ( LM SAlgorithm)

1. Search Methods

 The optimum tap-weights of atransversal (FIR) Wiener filter can be
obtained by solving the Wiener-Hopf eguation provided that the
required statistics of the underlying signals are available.

o An alternative way of finding the optimum tap-weightsisto use an
iterative search algorithm that starts at some arbitrary initial point in the
tap-weight vector space and progressively moves towards the optimum
point in steps.

 There are many iterative search algorithms derived for minimizing the
underlying cost function with the true statistics replaced by their
estimate obtained in some manner.

o Gradient-based iterative methods
(1) Method of Steepest Descent
(2) Newton's Method



2. Method of Steepest Descent

2.1 Consider atransversal Wiener filter shownin Fig. 1.

Fig. 1.

o Assuming that all the signalsinvolved are real-valued signals.

e Tap-weight vector w=[w, w .. wy,l’
signal input X¥(n)=[x(n) x(n-1) - x(n-N+D]"
filter output y(n)=w'x (n)
error signal e(n) =d(n) - y(n)
&= E[e*(n)]

performance function o
=E[(d*n)]-2W " p+W'RW ..(1)

where R =E[x(n)x"(n)] ... autocorrelation matrix of the filter input
and P = E[x(n)d(n)] ... Cross-correlation vector between x(n)

and d(n)



e The performance function ¢ isaquadratic function of the filter

tap-weight vector w. & hasasingle global minimum obtained by
solving the Wiener-Hopf equation

RWy=p .(2)

if Rand p areavailable.

e Instead of trying to solve equation (2) directly, we employ an iterative

search method in which starting with aninitial guessfor w,, say w(0),

arecursive search method that may require many iterations (or steps) to

convergeto w, isused.

e The gradient of ¢ isgiven by
VE=2RW -2p ..(3)
o With aninitial guessof w, at n=0 the tap-weight vector at the k-th
iteration is denoted as W (k).
The following recursive equation may be used to update W (k):
W(k+1)=W(k)—uV,E ..(4)
where x>0 iscalled the step-size,

v,& denotesthe gradient vector v ¢ evaluated at the point w =W (k)

e Substituting (3) in (4), we get

Wk +1) = W(k)-2uRW (k)-p(k)) ...(5)



e The convergenceof W (k) to the optimum solution #, and the

convergence speed are dependent on the step-size parameter u.
2.2 Convergence of the steegpest descent method

« Equation(5) can be re-arranged as

W (k+1) = (1-2uR)W (k) -W,) ..(6)
Defining the vector v(k) as

v(k) =W (k) -, .(7)

Then, we have, from eq.(6),
v(k+1) = —2uR)v(k) ..(8)

o The auto-correlation matrix R may be diagonalized by using a unitary
similarity decomposition :
R=0A0" .09

whereA isadiagonal matrix consisting of the eigenvalues 4,,4,,...,4,_,

of R and the columns of Q contain the corresponding orthonormal
eigenvectors.

Notethat 7=00" ..(10)
Combining eq.(8),(9)&(10), we get
v(k+1) = (00" —2uQAQ" )V (k)
=0(I-2pN)O"v(k)  ..(12)

Denote that

v'(k)=0"v(k) ..(12)

Which transforms v(k) to v'(k).

With some mathematical manipulations, we obtain
V' (k+1) =(I-2uA)v' (k) ..(13)

This vector recursive equation may be separated into scalar recursive
equations :



v, (k+1) = (1-2ud)v, (k) ..(14)
fori=012,...,N -1
where v' (k) =[vo'(k) vi'(k) -+ vy, '(K)]
From eq.(14), we get
v, (k) = (1-2uA) v, (0) ...(15)
fori=012,..,N -1
Eq.(15) impliesthat v'(k) can convergesto zeroif and only if the

step-size parameter . is selected so that

1-2u4|<1 fori=012..,N-1 ...(16)

That is, O<,u</% forall i

1

or, equivalently, 0< u< /11 ..(17)

max

where 4., iIsthe maximum of the eigenvalues 4, 4, --- 4,.,.



3. Newton’s method

e The steepest descent algorithm may suffer from slow modes of
convergence which arise as aresult of the spread in the eigenvalues of
R.

o The Newton’s method can somehow get rid of the eigenvalue spread.

o Starting from the steegpest descent algorithm given in eq.(5) :
Wk +1) =W (k) - 2u(RW (k) - p(k)) ...(18)

Using p=RW, ,€eq.(18) becomes

W (k+1) =W (k) - 2uR(W (k) - W,) ...(19)

e The presence of R in eq.(19) cause the eigenval ue-spread problem in the
steepest descent algorithm. Newton's method overcomes this problem
by replacing the scalar step-size 4 with amatrix step-size given by ur™.
The resulting algorithm s

W(k+1)=W(k)- RV E ..(20)
Substituting vé&=2RW —2p ineq.(20), we obtain
Wk +1) =W (k) — 2uR ™ (RW (k) - D)
= (1-2u)W (k) + 2uR™p
= (1= 2u)W (K) + 2, (21)
And, by subtracting », from both sides of eq.(21), we get
W (k+2) =Wy =1=2u)(W (k) - W) ...(22)
Starting with aninitial value w(0) and iterating eg.(22), we obtain

7 (k) ~ Wy = (L—20)* (W (0) = 17,)  .(23)

e In actual implementation of adaptive filters, the exact valuesof Vv, &

and R arenot available and have to be estimated.



4. L eas-Mean-Square (LMS) Algorithm

e Fig. 2 shows an N-tap transversal adaptive filter.

Fig. 2.

Y= 3w —) (29
e(n) =d(n)— y(n) ..(25)

o We assume that the signals involved are real-valued.

e The LM S agorithm changes (adapts) the filter tap weights so that e(n)
IS minimized in the mean-square sense. When the processes x(n) & d(n)
are jointly stationary, this algorithm converges to a set of tap-weights
which, on average, are equal to the Wiener-Hopf solution.

e The LMS algorithmis a practical scheme for realizing Wiener filters,
without explicitly solving the Wiener-Hopf equation.

e The conventional LM S algorithm is a stochastic implementation of the
steepest descent algorithm. It simply replaces the cost function

& =E[e*(n)] by itsinstantaneous coarse estimate & = ¢?(n).



o Substituting £=¢%(n) for & inthe steepest descent recursion, we

obtain
W(n+1) =W (n) - uve®(n) ..(26)

where W (n) =[wy(n) wy(n) - wy (n)]"
_[i i 0 ]T
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« Note that the i-th element of the gradient vector ve®(n) is

oe”(n) ~ 2¢(n) oe(n)
ow, ow,
— “2(n) agfv'?
=—2e(n)x(n —i) ..(27)

Then Ve?(n) = —2e(n)x(n)

where x(n) =[x(n) x(n-1) - x(n-N+D]"

Finally, we obtain
Wn+1)=W(n)+2ue(n)x(n) ..(28)

e Eq.(28) isreferred to asthe LM S recursion.

e Summary of the LMS algorithm
Input :

tap-weight vector, w(n)

Input vector, x(n)

desired output, d(n)
Output :

Filter output, y(n)

Tap-weight vector update,  (n+1)



1. Filtering : y(n) = W' (n)x(n)
2. Error estimation : e(n)=d(n)-y(n)
3. Tap-weight vector adaptation : W (n+1) = W (n) + 2ue(n)x(n)

o Advantages & disadvantages of LM S agorithm :
(1) Simplicity in implementation
(2) Stable and robust performance against different signal conditions
(3) slow convergence ( due to eigenvalue spread )



5. MSE Behavior of the LMS Algorithm

o We are to study



