Majority-Logic Decoding

for Cyclic codes
R Zd

1. Introduction

@ Majority-Logic decoding algorithm was devised in
1954 by Reed for a class of multiple-error-correcting

codes discovered by Muller.

@ Most majority-logic decodable codes found so far are

cyclic codes.
2. One-Step Majority-Logic Decoding

@ Consider an (n, k) cyclic code C with parity-check
matrix H. The row space of H is an (n, n-k) cyclic
code of C4. Then for Vin C and W in Cy

W « V=WVt WoVot = - - +W,1vi=0 (1)



The equality is called a parity-check equation.
@ Suppose the receive vector r = v + e where

e:(eOle].! v ,en-l)

@For any vector w in the dual code Cq4, we can form the
following linear sum of the receive digits:
A=W =Worgt Wi+ - =« +Wp1l 1 (2)

This is called a parity-check sum or simply check sum.

@!If r is a code vector in C, this parity-check sum, A,
must be zero; however, if r is not a code vector in C,
then A may not be zero. Combine (1) and (2), we will
have:

A=W r=Weot Wi+ + « * +W 1€ (3)
An error digit e; is said to be checked by the check sum

A if the coefficient w; = 1.

@ Suppose that there exist J vectors in the dual code Cy,

Wi=( Wi, W1y, - =+, Wip1)



Wo=( Wog, Woy, = =+, Wapn1)

Wy=( Wy, Wy1, * =, Wjn1)

which have the following properties:

1. The (n-1)th component of each vector is a “1,”that is,
W1n1= Wona= Wap1=* * ¢ = Wyng=1

2. For i#n-1, there is at most one vector whose ith
component is a “1”;for example, if wy ;= 1,then
Woi=W3i=* = * =W,;=0.
These J vectors are said to be orthogonal on the (n-1)th

digit position. We call them orthogonal vectors.

@Form (2) and using J vectors described above, we can

get:
A=Wy o r=Wyolp+ Wyl + -+ - + Wyl
Ao= Wy o I =Wyolg+ Woilg ++ + = + Wyl



(4)

A=Wy o r=wyplg+ Wyl ++ « + +Wjpaln
SiNCe Wy n.1= W 1= W3 1=** *= W;,1=1,these J check

sums are related to the error digits in the following

manner:
A= Wieo+ Wy + - - -+ e
Ao= Wy + Wpp + - - - + ey
(5)
A= Wyp+ Wy + - - - +epg

@ \\Ve see that the error digit e,_; is checked by all the
check sums above. Form the second property of the
orthogonal vectors, wy, W,, - - -, Wy, any error digit
other than e,_; is checked by at most one check sum.

These J check sums are said to be orthogonal on the



error digit e,,.;.

@CEach of the foregoing check sums orthogonal on e, is

of the form:

A =ent z e

If all the error digits in the sum A;are zero for i#n-1,
the value of e,.; Is equal to A;. Base on this fact, the
parity-check sums orthogonal on e,_; can be used to

estimate e,_;, or to decode the received digit r,.;.

@ Suppose that there are [3/2] or fewer errors in the
vector e=(ep,e1, + - ,ent). If €,.0=1, the other nonzero
error digits can distribute among at most |J/2]-1 check
sums orthogonal on e,;. Hence at least J-|3/2]+1, or
more than one-half of the check sums orthogonal on

en.1, are equal to e, 1=1.

@If e, ,=0, the nonzero error digits can distribute among
at most |3/2] check sums. Hence, at least J-|3/2| or at
least one-half of the check sums orthogonal on e,_4, are

equal to e, = 0.



@Base on the faces above, an algorithm for decoding e,
can be formulated as follows:
The error digit e, is decoded as 1 if a clear majority
of the parity—check sums orthogonal on e, is 1;

otherwise,e,.; 1S decoded as 0.

@ Thus, the value of e, is equal to the value assumed by
a clear majority of the parity-check sums orthogonal

On en__']_.

@ The decoding algorithm described above is called
one-stop majority-logic decoding. If J is the maximum
number of parity-check sums orthogonal on e, that
can be formed, then, by one-step majority-logic
decoding, any error pattern of [3/2] or fewer errors
can be corrected.

Let dmin be the minimum distance of the code. The

one-step majority-logic decoding is effective for this



code only of ty,.=|J3/2] 1s equal to or close to the
error-correcting capability t = | amin-1)2 | ; In other

words, J should be equal to or close to dpin-1.

@ Definition: A cyclic code with minimum distance dpin
Is said to be completely orthogonalizable in one step if
and only if it is possible to form J= dy,-1 parity-check

sums orthogonal on an error digit.



Example 1 : Consider a (15,7) cyclic code with the
generator polynomial:g(x)=1+X"+ X%+ X'+ X®

The parity-check matrix of this code is found as follows:

100000001101000 |
010000000110100

o

iy

001000000011010

N

000100000001101
000010001101110

~

(&3]

000001000110111

(=2}

000000101110011

1
jjj:w::jj
1

3

000000011010001 |
Digit positions:

W1= hs=es+en+ep+ey
W= hi+hs=e; +es5+ e+ ey
W1=hg +hy + hg=€¢ + €, + €6 + €14

W= h;=e;+eg+ep+eu

We see that ey4 is checked by all four check sums and no

other error digit is checked by more than one check sum.

If e;4 = 1 and if there is one or no error occurring among
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the other 14 digit positions, then at least three (majority)

of the four check sums A, A,, Az and A, are equal to 1.

If e;4,= 0 and if there are two or fewer errors occurring
among the other 14 digit positions, then at least two of

the four check sums are equal to ey4 = 0.

Hence, if there are two or fewer errors in e, the one-step
majority-logic decoding always results in correct

decoding of e.

Consider an error pattern with three errors eo= e;= eg= 1.
Substitute into four parity-check sums, we have A;=1,
A,=0, As=1, and A,=1. Since the majority of the four
sums is 1. So ey, 1s decoded as 1. This results in an

incorrect decoding.

Thus, by one-step majority-logic decoding, the code is

capable of correcting any error pattern with two or fewer



errors.

@Given an (n, k) cyclic code C for which J parity-check
sums orthogonal on an error digit can be formed, the
one-step majority-logic decoding of the code can be

Implemented as follows:

Gale 2 ==

rX) ] . ;
— Gale | T n-stage buffer register

K Sdnput majority gate J

Figure 7.1 General type |1 one-step majority-logic decoder.

Stepl. with gate turned on and gate turned off, the

received vector r is read into the buffer register.

Step2. The J parity-check sums orthogonal on e, ; are

formed by summing the appropriate received digits.
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Step3. The J orthogonal check sums are fed into a
majority-logic gate. The first received digit r,; is read
our of the buffer and is corrected by the output of the

majority-logic gate.

Step4. At the end of step3, the buffer register has
been shifted one place to the right with gate 2 on.
Now the second received digit is in the rightmost
stage of the buffer register and is corrected in exactly
the same manner as the first received digit was. The

decoder repeats steps 2 and 3.

Step5. The received vector is decoded digit by digit in

the same manner above until a total of n shifts.

@ If the received vector r contains |J/2] or fewer errors,
the buffer register should contain the transmitted code

vector and the inputs to the majority gate should be all

11



zero at the completion of the decoding operation.
If not all the inputs to the majority gate are zero, an

uncorrectable error pattern has been detected.

The picture shown above is the type Il one-step

majority-logic decoder of Example 7.1.

[ |

LDTDTDruTr@rBTCJ
LL?J.' tB& L&%J

- i O
T

Figes 7.1 Type Il ore-viep o itp-doges dooosder for e {15, T) BCH asle

@ The parity-check sums orthogonal on an error digit can

also be formed form the syndrome digits. Let
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(10000000 Py Pogrerrreeeee Poc-1

o

01000000 Py Py -vvvrvvvvereee Prias

iy

00100000 g Py Pyt

N

w

(&3]

(=2}

jjj#jjjjj

3

- '~ | 00000001p,10Pn-k-11-Prk-1k-1

be the parity-check matrix for an (n, k) cyclic code C
In systematic form. Since the orthogonal vectors w;,
W,, - - -, W;are vectors in the row space of H, that are
linear combinations of rows of H. Let
Wi=( Wjo, Wj1, - * *, Wjn-1)

=ajoho + ajth1+ + « * +3jnuansr
Because of the systematic structure of H , we see that

Wjo=djo, Wj1=aj1, * * *, Wjnk-1=qj,nk-1- (7)

Let r=(ro, r1,* * *, n.1) be the received vector. Then the
syndrome of r is:

$=(So, S1, * * *, Snkr)=r * H, (8)
where the ith syndrome digit is:

Si=r * h; for 0 <i <n-k
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Aj = Wj e I
= (ajoho + @jth1+ + ¢ * + @jni1hnk) o T

=aor s hotaprehy+ « « ++ank1l*hpxa. (9)

Form (7), (8), (9), we obtain

A= ajoSo+ @St + ¢ ¢ * + & nkaSnkL, (10)
Thus, the check sum A;is simply a linear sum of the
syndrome digits with coefficients being the first n-k
digits of the orthogonal vector w;

Based on (10), we obtain a different implementation

of the one-step majority-logic decoding shown above.
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Figure 7.3 General type-l one-step majority-logic decoder.

@ The correcting procedure is described as follows:

Stepl. The syndrome is computed as usual by shifting
the received polynomial r(x) into the syndrome

register.

Step2. The J parity-check sums orthogonal on e,_; are

formed by taking proper sums of the syndrome digits.
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These J check sums are fed into a J-input

majority-logic gate.

Step3. The first received digit is read out of the buffer
register and is corrected by the output of the majority
gate. At the same time the syndrome register is also
shifted once (with gate 2 on) and the effect of e, on
the syndrome is removed (with gate 4 on). The new
contents in the syndrome register form the syndrome
of the altered received vector cyclically shifted one
place to the right.

Step4. The new syndrome formed in step3 is used to
decode the next received digit r,,. The decoder
repeats steps 2 and 3. the received digit ., IS
corrected in exactly the same manner as the first

received digit r,, was corrected.

Step5. The decoder decodes the received vector r

digit by digit in the manner shown above until a total
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of n shifts of the buffer and the syndrome registers.

@ The buffer register should contain the transmitted code
vector and the inputs to the majority gate should be all
zero at the completion of the decoding operation.

If not all the inputs to the majority gate are zero, an

uncorrectable error pattern has been detected.

Example 2:

Consider the (15,7) BCH code given in Example 2. From
the vectors wy, W,, ws,and wy,that are orthogonal on the
digit position 14, we find that the parity-check sums
orthogonal on ey4 are equal to the following sums of
syndrome digits:

A1=S3 , A1=S1+ S5 ,As=Sp+ S, +Sg , A1=S7,

Hence we can construct type | one-step majority-logic
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decoder in Figure 4.

8y 39 #3 &y

] b3 1
L Mujority gate )

1 5-s1age bulfer register - i\

Figure 7.4 Type | one-step majority-logic decoder for (15, T) BCH code.

Suppose that the all-zero code vector(0,0,...,0) is
transmitted and r(X)=X** +X*is received, that is there
are two errors in X**, X', After the entire received
polynomial has entered the syndrome register, we have
s=(0,0,1,1,1,0,0,1). The four parity-check sums will be
A=l A,=0, Asz=1, A=l

Since the majority of these four sums is 1, the output of
the majority-logic gate is 1, which is the value of e4,

Simultaneously shift the buffer and syndrome registers
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once; the highest-order received digit ry4= 1 Is then

corrected by the output of the majority-logic gate and

the new contents in the syndrome register are

(0,0,0,1,0,1,1,1). The new parity-check sums are now

A'=1, A=1, A's=1, A =1

Again the output of the majority-logic gate is 1, which is

the value of ey4 Shift both the buffer and syndrome

registers once more; the received digit r;3 would be
corrected and the syndrome register would contain only
zeros. At this point , both errors have been corrected and
the next 13 received digits are error-free.

@ One-step majority-logic decoding is most efficient for
codes that are completely orthogonalizable, or for
codes with larger J compared to dpi-1. When J is
small compared to dpi,-1, one-step majority-logic
decoding becomes very inefficient, and much of the

error-correcting capability of the code is sacrificed.

@ The maximum number of parity-check sums
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orthogonal on an error digit that can be formed are:
Theorem 1:

Let C be an (n, K) cyclic code whose dual code Cq4 has
minimum distance O . Then the number of parity-check
sums orthogonal on an error digit that can be formed ,

J, 1S upper bounded by
n-1

<
ke

@ The dual code of the (15,7) BCH code has minimum

n-1 14
distance 4. There J < [5 - 1J = L?J =4 This

proves our claim in Example 1 that J=4 is the
maximum number of parity-check sums orthogonal on
an error digit that can be form for the (15,7) BCH

code.

@|f it is possible to form J parity-check sums orthogonal
on an error digit for a cyclic code, the code has

minimum distance at least J+1.
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3.Class of One step Majority-Logic Decodable Codes

@Let C be an (n, k) cyclic code generated by g(x),
where n=2"-1. We may extend each vector v =(vy,
V1,...Vn1) IN C by adding an overall parity-check digit,
denoted by v, to its left. The overall parity-check
digit v is defined as the modulo-2 sum of all the

digits of v (Ve =Vo+Vvi+ -+ ¢ ¢ +Vv,,). Adding v to v

21



results in the following vector fo n+1 =2™ components:

Ve =(V=,Vo, V1,...Vn1)

@Consider a permutation that carries the component of
V, at the location Y to the location Z=aY+b, where a

and b are elements form the field GF(2™) and a+0.

This permutation is called an affine permutation.
Application of an affine permutation to a vector of 2™
components results in another vector of 2™
components.

Example 3:

Consider the following vector of 16 components, which

are numbered with the elements of GF(2%):

a a a a a a ad A C}f7 CKS C}fg CKlO C}fll CKlZCKlSCKM

@ 1 00 1 0 01 O O1O0 O 1 00)

Now, we apply the affine permutation
Z=aY+a™

To the components of the vector above. The resultant
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vector iIs

o 0 3 4

a a C}fl CKZ a A CKS CKG C}f7 CKS C}fg CKlO C}fll

a12a13a14
© o 11 0 0 00 1 010 1 00 1)
For example, the component at te location Y= ® is

carried to the location:

14 4

Z=q + a®+a¥ =a’+a¥ =q

@ An extended cyclic code C. of length 2™ is said to be
invariant under the group of affine permutations if
every affine permutation carries every code vector in

C. ito another code vector in C, .

@ Definition:
Let h be a nonnegative integer less than 2™ . The radix

2 (binary) expansion of h is:
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h=560+012+6522°+ ... +6 a2 ™

where 6;=0or1for 0 <i < m.Leth be another
nonnegative integer less than 2 ™ whose radix 2
expansion is:

h=50+012+6,2°+ ... +6 a2 ™

The integer h is said to be a descendant of h if

5 <0 for 0<i<m,

Let A (h) denote the set of all nonzero proper

descendants of h.

@ The necessary and sufficient condition for an extended
cyclic code C, of length 2™ to be invariant under the
affine permutations is:

Theorem2

Let C be a cyclic code of length n=2" -1 generated by
g(X). Let C, be the extended code obtained from C by
appending an overall parity-check digit. Let « be a

primitive element of the Galois field GF(2™). then the
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extended code C. is invariant under the affine
permutations if and only if for every « " that is a root
of the generator polynomial g(X) of C and for every h
in A(h), a" isalso aroot of a codeword C. and &

°=1 is not a root of g(X).

@A cyclic code whose generator polynomial satisfies
the conditions stated above is said to have the doubly

transitive invariant (DTI) property.

@LetJ - L=2"-1=n. Obviously, both J and L are odd.
Then
X" (2™-1)+ 1:(1+XJ)(1+ Y+ XP4  + X(L-l)J).
Let 7 (X) =1+ X+ X&+. .+ Xt

@Form the theorem of Chapter 2, we know that the 2™-1
nonzero elements of GF(2™) form the 2™-1 roots of
X"(2™-1) + 1. Let a be a primitive element of the

Galois field GF(2™). Since (a H)’=a " (2"™-1) = 1, the

25



polynomial 1+X’ has 1, a*, a?,..., a®P-

as all its
roots. Therefore 7 (X) has a "as a root if and only if h

is not a multiple of L and 0 < h < 2™-1.

@H(X) is form by:
H(X) has «"as aroot if and only if (1) «"is a root
of 7 (X) and (2)for every h'in A(h), a™isalsoa
root of 7 (X).
Let «'bearoot of H(X) and ¢ ; be the minimal

polynomial of «'. Then

H(X)=LCM{minimal polynomials ¢ ; of the roots of
H(X)}-

@Form theorem 2, C which is generated by H(X) is
invariant under the group of affine permutations. And
the dual code C have corresponding generating
polynomial

g(X)=X" (2™-k-1)xG(X™).
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where  G(X)H(X)= X" (2™-1)+ 1

Example 4.

Let m=>5. The polynomial X" (2™-1)+1 = X™ + 1 can be
factored as (X + 1)=(1 + X°)( 1 + X°+ X').

Thus, J=5,L=3,and 7 (X)=1 + X>+ X*°. Let a bea
primitive element in GF(2*) whose minimal polynomial
isg (X)=1+X+ X"

The polynomial 1+ X°has1, a® a® a° «a'as

27



all its roots.

The polynomial 7 (X) hasa, a? a? «a° a’, a®,

a® a® a® aasallits roots.

Thus HX) hasa, a? a’ «a® «a® «a™asitsroots.

4

Theroots(a, a? a® a®)and(a® a™)are

conjugates. Hence,
HX)= ¢1(X) + ¢s(X)=(1 + X+ X) (1+X+X)
=1+ X %+ X% X0+ X,

The dual code of C', C, is generated by
g(X)=X"(2™-k-1)xG(X )= X°G(X™") =
1+ X+ X+ X+ X%+ X?. Thus C is a (15,6) cyclic

code.

Decoding procedure:
The vectors corresponding to 77 (X), X 7 (X), X* 7 (X),

X3 7 (X),and X* 7 (X) are shown on next page.
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Location Numbers
ad gl e oo ot oof s o7 ol [ R AL, AR S A - A R AL

Yvo=(1 0 0 0 0 1 0 0 O 0 I ©0 O 0 O
vw=(0 1 0 0 0 0 1 0 0 0 O 1 O o0 0
v=(0 0 1 0 0 0 0 1 0 0 0 O0 1 0 0
vyw=0 0 0 1 0 0 0 0 1 0 0 0 0 1 0
vw=0 0 0 0 I 0 0 0 O L 0 0 0 ©0 1

which are code vectors in C’. Adding an overall parity-check digit to these vectors.
we obtain the following vectors:

Location Numbers
= a ol g2 o ot o’ s o7 o® oY !0 gl gl gl gl

wp=( 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0
w=(1 0 1 0 o0 0 0 1 0 0 0 O 1 o o0 0
w,=(1 0 0 t o0 O O O I 0o O 0 O 1 o o0
uuw=(1 0 0 0 1 ©0 O 0 O I O 0 O O 1 0)
wu=(1 o o o o 1 0 O 0 0 1 O O 0 O 1)

which are vectors in C, (the extension of C’). Now, we apply the affine permutation
Z =aY + a'4 to permute the components of ug, u,, uz, u;, and u,. The permutation
results in the following vectors:

Location Numbers
o= b ! ol g oo o’ oof T gt g el gt gt ogpld opgld

Z,=0 0 0 0 0 0 0 0 I 1 0 1 O ©O0 0 1
z=0 0 1 0 0 O 1 0 0 O O 0 O0 0 1 1
z=(0 1 0 1 0 0 0 I O 0 0 O O o0 0 1
z=(1 0 0 0 0 I 0 0 O 0 1 O O 0 0 1
z,=(0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 1

which are also in C,. Deleting the overall parity-check digits from these vectors, we
obtain the following vectors in C":

Location Numbers
A, A T £, £ S L B, & B A S AT L A S A L A Y AT . A T AL

we=0 0 0 0 0 0 0 t 1 0 1 0 0 0 1
we=@0 | 0 0 0 1 0 0 0 0 0 0 0 1 1
w,=(1 0 1 0 0.0 1 0 0 0 0 0 0 0 1
wy=0 0 0 0 1T 0 0 0 0 t 0 0 0 0 1
we=0® 0 0 1 0 0 0 0 0 0 O 1 1 0 1

We see that these vectors are orthogonal on the digit at location a'4.
Let r = (ro, F1.ra, Fyfan s, Fea P17, Fga Fou Fron F1ns Fi2a P13, F14) bE the received
vector. Then the parity-check sums orthogonal on e, are :
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Ao= W
A=W,
A=W,
Az= W3

A=W,

*IF=r;+rg+rpt+ry
*IF=ry+ st i3ty
*IF=rgt+rtrg +ry
=1y g + 114

*Ir=r3+rptrpptry

Hence the (15,6) cyclic code C generated by

g(X)=1+ X + X+ X°+ X%+ X is one-step

majority-logic decodable and is capable of correcting

tML:BJ:Z or fewer errors. The code has minimum

distance at least J + 1 =5 +1 = 6. However, the

generator polynomial has weight exactly 6.Thus, the

minimum distance of the code is exactly 6. Hence, the

code is completely orthogonalizable.

@ ~ (X) hasa "as a root if and only if h is not a multiple

of L and 0 < h < 2™-1. So 7 (X) has the following

consecutive powers of qasroots:a, a? ..., a

L-1
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@ Consequently, the polynomial H(X) hasa, a? ...,
a ' as roots. This proves that the minimum distance
of the code generated by H(X) is at least L. However,
since 7 (X) is a code polynomial of weight L in C ',
the minimum distance of C  is exactly L. From
Theorem 1, the number of parity-check sums

orthogonal on an error digit that can be formed for C is

2" -2

2" -2
L-1

upper bounded by{ J . However, J=

Therefore, for large L, J is either equal to or close to

the upper bound of h _‘lZJ.

@ The code structure stated above is called type 0 DTI
codes. In general, it is not known whether the type 0
DTI codes are completely orthogonalizable. There are
a number of special cases for which we can prove that

the codes are completely orthogonalizable.
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@!f the type 0 DTI codes can be modified by:
H1(X) = H(X) (X+1)
So that the resultant codes are also one-step
majority-logic decodable and J-1 parity-check sum
orthogonal on an error digit can formed. This is called

type 1 DTI code.

It can be shown easily that the number of
parity-check sums orthogonal on an error digit that
can be formed for a type 1 DTI code are equal to its

upper bound.
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@A list of one-step majority-logic decodable type 1 DTI

codes is given in Table 1.

TABLE 7.1 SOME ONE-STEP MAJORITY-LOGIC DECODABLE
TYPE 1 DTI CODES

n k ML n k ML
15 9 | 2047 1211 11
7 2 573 44

63 49 1 4095 3969 1
37 4 3871 2

13 10 3753 4

255 225 1 361l 6
207 2 3367 32

175 8 2707 17

37 25 2262 19

21 42 2074 22

511 343 3 1649 45
139 36 1393 52

1023 961 1 1377 136
833 5 406 292

781 16 101 409

151 46 43 682

30 170

@For short length, DTI codes are comparable with BCH

codes in efficiency.

@For example, there exists a (63,37) one-step
majority-logic decodable type 1 DTI code which is

capable of correcting four or fewer errors. The
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corresponding four-error-correcting BCH code of the
same length is a (63,39) code that has two information
digits more than the (63,37) type-1 DTI code.
However, the decoding circuit for the (63,39) BCH
code is much more complex than the (63,37) DTI

code.

@But for large block length, the DTI codes are much

less efficient than the BCH codes of the same length

and the same error-correcting capability.
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4.0ther One-Step Majority-Logic Decodable Codes

Maximun-Length Code
@For any integer m= 3, there exixts a nontrivial
maximun - length code with the following parameters:
Block length : n=2"—1
Number of information digits : k=m

Minimun distance : d=2"—-1

@ The generator polynomial is :

X" +1
p(X)

9(x) =

where p(X) is a primitive polynomial of degree m.

@ The dual code of the maximun-length code is a (2" —
1,2™—m—1) cyclic code generated by the reciprocal
of the parity polynomial p(X),

p"(X)=X"p(X™)
Since p (X) is also a primitive polynomial of degree m,

the dual code is thus Hamming code. Therefore the
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minimun wight is 3.
@ Consider the following set of distinct code
polynomial : Q ={w(X)=X"+X'+X"*|0<i<j<n-1}

in the Hamming code generated by p (X).

@ Therefore, the set Q contains polynomials orthogonal
on the highest-order digits position X"*. To find w(X),
we start with a polynomial X"™*+X! for 0< j<n-1,
and then detemine X'such that X" *+X+X' is divisible
by p’(X). This can carry out as follows. Divide X"*+X!
by p (X) step by step by long division until a single
term X' appears at the end of a certain step. Then w(X)
= X"+ X!+X'" is a polynomail orthogonal on digit
position X" ™. Clearly, if we start with X" *+X', we
would obtain the same polynomial w(X). Thus, we can
find(n-1)/2=2""-1 polynomial orthogonal on digit
position X", That is, J=2™"*-1 parity-check sums

othogonal on e,.; can be formed.
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Example 5 :
Consider the maximun-length code with m=4 and
parity polynomial p(X)=1+X+X4. This code has
block length n=15 and minimun distance d=8. The

generator polynomial of this code is

X15 +1

X) =
9(X) 5(X)

=14+ X+ X2+ X3+ X+ X T+ X8+ xH
P (X)=X*p(X)=X*+X*+1

Divids X*+X" by p (X)=X*+X>+1 with long division
as shown in the following :
X 10

x4+x3+1jx14 + X8

X14 +x13+x10

X" &Stop

Thus w; (X)=X"+X"3+X1°
As the same algorithm we can find :
Wo(X)=XM4X24XE ) wy(X) =X+ X+
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W (X)=XM3+XE  ws(X)=XM+XP+X
We(X)=XM+X X w(X)=XM+X3+X?
From the set of polynomials orthogonal on X*, we

obtain the following seven parity-check sums

orthogonal on ey, :

A= eyt €13t €14
A= €5+ €10t €14
Asz= ot et €14
Aj=estegt+ey
As=e +egt+ ey
Ag=est e+ en

Ar=eytest+en

In terms of syndrome bits, we have A;=S1q, Ay=Ss,
A3z=Sp, As=S4+Sg, As=S1+Ss, Ag=Ss+5S7, A;=S5+S;. The
code is capable of correcting three or fewer errors by
one-step majority —logic decoding. The type | and

type Il one-step majority-logic decoders for this code
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are shown in below

type | one-step majority-logic decoders
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Difference-Set Codes

@ The fomulation of dififference-set codes is based on
the construction of a perfect difference set. Let
P={l,,l,I,....1,} be a set of g+1 nonnegative integers
such that

0<ly <l <l, <<l <q(q+1)

From this set of integers, it is possible to form q(g+1)

ordered differences as follows :

D={l, -1, |j#i}

@Obviously, half of the differences in D are positive and
the other half are negative. The set P is said to be a
perfect simple difference set of order g if amd only if it

has the following properties :

1.All the positive differences in D are distinct.

2.All the negative differences in D are distinct.
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3.1f I; —l; is a negative differeence in D, then
q(q+1)+1+(l; —I) is not equal to any positive

difference in D.

@Clearly, it follows from the definition that
P'={0,1,-1p,1; - 1g,....1-lo} is also a perfect simple

difference set.
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Example 6 :
Consider the set P ={0,2,7,811} with q = 4. The
4*5=20 ordered differences are

D ={2,7,8115,6,914,3-2,-7,-8,-11,-5,-6,-9,-1,-4,-3}

It can be checked easily that P satisfies all three

properties of a perfect simple difference set.

Singer has constructed perfect difference sets for
order g = p°, where p is a prime and s is any positive
integer. In what follows we shall only be concerned

withq=2"=2°=4

Let P={l,=01,l.1;....1,.} be a perfect simple
difference set of order 2°. Define the polynomial :
Z(X) =1+ X"+ X" 4ok X

=1+ X2+ X"+ X%+ X"

Let n = 2°(2°+1)+1 and h(X) be the greatest common
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divisor of z(X) and X" + 1, that is ,
h(X)=GCD{z(X), X" +1}
=GCD{l+X*+ X"+ X%+ X" X% +1}
=1+ X2+ X T+ X84+ XM
The generator polynomial of the difference-set code
oflengthn=211is:

X"+1 X7 +1

90 =100~ hex)

=1+ X2+ X+ X0+ X"+ XY
Thus, the code is a (21,11) cyclic code.
This code has the following parameters :
Code length : n=2%+2%+1 =21
Numberof parity-check digits : n - k = 3°+1=10

Minimun distance : d=2%+2

Let h*(X)=X*h(X™) be the reciprocol polynomial of
h(X). Then the (n ,n-k) cyclic code generated by h*(X)
is the null space of the difference-set code generated
by g(X). Let

(X)) =XMz(X ™) =1+ X3P+ X+ X+ X"
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Since z(X) is divisible by h(X), z*(X) is divisible by

h'(X). Thus, z (X) is in the null space of the
difference-set code generated by g(X). Let

W, (X) = X" 27 (X) = X°2°(X)

= X%+ X2+ X+ X+ X

By shifting wy(X) cyclically to the right 2 times, 7
times, 8 times, and 11 times, we obtain

Wy (X) = X + X 4 14 4 Y15 4 %20

Wo(X) = X4 + X6 + X168 + X19 + X2

W3(X) =1+ X°+ X"+ XM + X%

W,(X) = X2 + X3 + X8 4+ X104 %20
Clearly, wo(X), w1(X), wy(X), ws(X), w4(X), are five
polynomials orthogonal on X*. From these five
orthogonal polynomials, we can form the following

five parity-check sums orthogonal on ey :

A; =59 =€t Eppt+te3tegt ey
A,=5; =€ t+€nt+teyyutestey
Az =5,+Sg = €4+ €+ €15+ €19+ €Y

Aj=S+Ss+S;=ep+tes+e;+e7+ey
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As =S, +S3+Sg=8€,+ €3+ €g+E19+ €
A type Il majority-logic decoder for this code is

shown below.

Lt O e

Iajiib
L ey &

B Egs g Bl e vegiale e

T

T =Gt

2 T M M g W

Pii Fra ®

FEE i

ul
%y“ )

Fgeure 7.4

Tope I magosity-ligic docader Tae abe 18, 4 inpnisiuindengl® code,

List of Binary Difference-Set Cyclic codes

TABLE 2.3 LS50 OF masamy DiPrERINCE-S10 EvCiis coDis

A b

] - & of ¥ Terreriates pofyeaseisd, o X" alfpermed wit
| ? ¥ ] i LR LN
H H | 1] & d OB LAAD M a1 T
1 1] as [ 4 oA 8 E 12 MMM 0,7 1, 2, 08, 0.,
ha, &2, 48
L] bl (L1} (1] B B PO EE B2, R, DA B, i, @, R, 20, 44, B, AT,
A2, 54, 08, AT, T, TR, T, B2 O, DR A, I,
B3N, 000, D, JAT,
e, P, oy
3 Oy LA M [ [ ol R N, T, e 2D, anLLLiyi s
RIS BRI LSS NN AN, B, 130, AN
R R LR T L) S 1, 3T, e,
oA, %, T, TR T DN, Ce TR N, Ni, bR, AN 48T,

BE B, ¥, 5, WO, 900, 000, 1R,

o, DO, IR, DNE VIS, Bhe, 030,
XD, 022, BXN, DML B3, 0 2% 00,
DA, WA ANT, MM, AR, Y, 1A
BAT, LR, 153 DA, DRN, D54, 035,
J3E, 160, KA1, DeE, TAS, DEA, 1AT,
O, A, TS, 03, 0, ITH, 0P,
I, LR, DR, PRD, VR, Vi TS,
TR B, LR, 1N BRA, R (e,
SO0, 0, 0, M, N, X, 204,
00, 20E IVR 306, 2EE 20, 30,
S 3N, 2N, 2N, a3, 2

SH, A0, S84, A,
w11, 47, 32, R,
B9, 909, 924, 990,
M

"k proarstor podynoerial o pepeesiesed By e evponeety of @y sonene Mora Vol eumple,
W20 M) st M= | WD WY e

iz

46



5.Multiple-Step Majority-Logic Decoding

@ The one-step majority-logic decoding for a cyclic code
Is based on the condition that a set of J parity-check
sums orthogonal on a single error digit can be formed.
This decoding method is effective for codes that are
completely orthogonalizable or for codes with large J
compared to their minimun distance dp;n.
Unfortunately, there are only several small classes of
cyclic codes known to be in this category. However,
the concept of parity-check sums orthogonalon a
single error digit can be generalized in such a way that
many cyclic codes can be decoded by employing

several levels of majority-logic gates.
LetE ={e,.e,,....ey }be a set of M error digits where

0<i, <i, <---<iy <n, Theinteger M is called the

size of E.
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@Definition - A set of J paritycheck sums A, A,,...,A;
Is said to be orthogonal on the set E if and only if (1)
every error digit e; in E is checked by every check
sum A; for 1< J<J  and (2) no other error digit is

checked by more than one check sum.

For example, the following four parity-check sums are
orthogonal on the set E ={e;. &} :
Ar=¢y+e€+es+eg,
Ay =e3+e,+6es+eg,
As;=e; +test+erteg,

A,=e5+es+eg,

@Following the same argument employed for one-step
majority-logic decoding, the sum of error digits in E,
eiiteixt...+ejy, can be determined correctly from the
check sums, A, A,,...,A;, orthogonal on E provided
that there are [J/2] or fewer errors in the error pattern

e. This sum of error digits in E may be regarded as an
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additional check sum and so can be used for decoding.

@ Consider an (n,k) cyclic code C which is used for error
control purpose in a comunication system. Let
e = (&, €y,-..,€,1) denote the error vector that occurs
during the transmission of a code vector v in C.Let
E..E;,--- E,~~- be some properly selected sets of error
digits of e. Let S(E;) denote the modulo-2 sum of the
error digits in E;'. Suppose that, for each set E;, it is
possible to form at least J parity-check sums
orthogonal on it. Then the sum S(E;) can be estimated
from these J orthogonal check sums. The estimation
can be done by a J-input majority-logic gate with the J
orthogonal check sums as inputs. The estimated value
of S(E}) is the output of a majority-logic gate, which
Is 1 if and only if more than one-half of the input are 1;

otherwise, it is 0. The estimation is correct provided

that there are [J/2] or fewer errors in the error vector e.
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The sums, S(E;),S(E;),...,S(E}),... are then used to
estimated the sums of error digits in the second
selected sets, E;,E;,---,E?,---with size smaller than
that of the first selected sets. Supose thst, for each set
E’, it is possible to form J or more check sums
orthogonal on it. Then the sum S(E?) can be
determined correctly from the check sums orthogonal
on E’ provided that thereare no more than [J/2]

errors in e.

@A code is said to be L-step orthogonalizable (or L-step
majority-logic decodable) if L-steps of
orthogonalization are required to make a decoding
decision on an error digit. The decoding process is

called L-step majority-logic decoding.

@A code is said to be completely L-step
orthogonalizable if J is one less than the minimun

distance of the code (i.e., J = dni,-1). Since
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majority-logic gates are used to estimate selected sums
of error digits at each step of orthogonaliztion, a total
of L levels of majority-logic gates are required for
decoding. The number s of gates required at each level

depends on the structure of the code.

@ General L-step majority-logic decoder circuit :

Type | L-step majority-logic decoder
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Type Il L-step majority-logic decoder
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Example 7 :
Consider the (7,4) cyclic code generated by
g(X)=1+X+X>, This is a Hamming code. The
parity-check matrix (in systematic form) is found as

follows :

H=

h, 1001011
h,| = |0101110

h, 0010111

We see that the vectors, hy and h; are orthogonal on
digit position 5 and 6 ( or X and X°®). We also see
that the vectors, ho+ h; and h, , are orthogonal on
digit positions 4 and 6. Let E; ={e,e;} and
E; ={e,.&;} be two selected sets. Let
r=(r,n,n, ) bethe received vector. Then
the parity-check sums formed from hy and h, are :
Ai=r-hyg=ey+es+es+eg
A, =r-hy=e,+e,+es5+ eg
and the parity-check sums formed from hy + h; and h,

are
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Bi=re+(hoth)=ey+te +e,+e

B,=r "+ hg —e,+te,+es+eg

The parity-check sums, Al and A2, are orthogonal on
the set E; ={e;,e;} and the parity-check sums, B1
and B2, are orthogonal on the set E; ={e,.e.}.
Therefore, the sum S(E;) =e; +¢; can be estimated
from A; and A, and the sum S(E;) =e, +e; can be
estimated from B, and B,. The sums S(E;) and
S(E;) would becorrectly estimated provided that
there is no more than one error in the error vector e.
Now let E; ={e;}. We see that S(E;) and S(E;)
are orthogonal on e6. Hence, e6 can be estimated
from S(E;) and S(E;). The value of e6 will be
estimated correctly provided that there are no more
than one error in e. Therefore, its minimun distance is
3and J =2, it is two step completely orthogonalizable.

A type Il decoder for this code is shown in below.
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Type Il two-step majority-logic decoder for the (7,4)

Hamming code.
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Let s=(S.5,,5,)=reH" be the syndrame of the
received vector r. Then we can form the parity-check

sums A, A,, By, and B, from the syndrome digits as

follows :
A =5 , A=Sy,
Bi1=Sy+S1 , B,=5s,

Based on these check sums, one may construct a type |

majority-logic decoder for the (7,4) Hamming code.
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Example 8 :
Consider the triple-error-correcting (15,5) BCH code
whose generator polynomial is :

g(X) =1+ X + X*+ X + X°>+ X¥+ X"

Type 1l two-step majority-logic decorder for the
(15,5) BCH code.
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Type 1l one-step majority-logic decorder for the

(15,5) BCH code.
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