9. Euclid’sAlgorithm

» Euclid’salgorithm isatechnique for finding the greatest common

divisor (a,b) of twointegersor polynomials a and b.

» Proposition (2.18, page 48)
Let a and b betwo positiveintegers (or polynomials)
Thenif a=q,b+r,;
for 0<r,<b (0<deg(r,)<deg(b))
Onehas (a,b)=(b,r,)
where (a,b) denotesgreatest common divisor.
b=.q2r1+r2 = (b,r)=(r,r,)

rn-2 = qn rn-l + rn
rn-l = qn+1rn = (a ’ b) = rn

Example:

Suppose a=186, b=66,

then

186 =66+2 +54
66 =541 +12
94=12%4 +6
12= 6%2 +0

the greatest common divisor is 6.



Euclid’s Division Algorithm for Polynomials

Given two polynomials a(x) and b(x)

Their greatest common divisor can be computed by an iterative
application of the division algorithm. If the degree of a(x) is
greater than the degree of b(x), the computation of GCD

(a(x),b(x)) is

a(x) = q(x) -b(x) +ry(x)
b(x) = G,(X) -1 (X)+1,(X)
r(X) = g5(x) -r(x)+r5(x)

rn_l(X)an+1(X)‘ rn(X)
where the iterative process stops when a remainder of zero is
obtained.
Then the greatest common divisor of a(x) and b(x) is

r(x)=GCD(a(x),b(x))

Example:
a(x)=x>+1 X} +1=(x*+1) - x+(x+1)
b(x)=x*+1 X*+1=(x+1)-x

~.GCDof a(x)and b(x)isx+1



10. Arithmetic Operationsin GF(2™)

=  Primitive Elements

Consider the Galois field GF(2™) generated by the primitive

1 m

polynomial P(X) = Py + Py X+ PoX° +-+-+ P X" + X

Definition:

The element @ (a root of p(x)) whose powers

gener ate all the non-zero elements of GF(2™) iscalled a

primitive element of GF(2™).

In fact, any element # in GF(2™) whose powers generate all

the nonzero elements of GF(2™) isa primitive element.

Example:

a* and a’ arealso primitive elementsof GF(2*).



Minimum Polynomial

(1)

(2)

Consider the Galois field GF(2™) generated by a primitive
polynomial p(X) of degree m. Let B be a non-zero
element of GF(2™)
Consider the powers

BB B, BT,
If e isthesmallest nonnegativeinteger for which

B* =8

Then theinteger “ e” iscalled the exponent of £ .

consider the product,

0(X) = (X+B)(X+B2)-- (X +B%)

=a, +a, X +a,x>+---+a_ x*' +x°
Isa polynomial of € degree.
We can see that @(X) is binary and irreducible over
GF(2). ¢(x) is caled the minimal_polynomial of the

element £ .



