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. Introduction

€ The weight of a codeword is the number of its
nonzero coordinates; clearly any given code
contains a certain finite number of vector of
each weight from zero to n.

€ The weight of the code can describe the
character of the code. It is also called the
spectrum of the code.

€ Here, we also propose a definition of weight
enumerator W_. The weight enumerator of the
code is a polynomial which presents the weight
distribution of the code.

€ And we will show that the spectrum of the code

determines uniquely the spectrum of the other
code. W_ Is given by a linear transformation of

We



1. Definition and notation
€ The group algebra
<> The group algebra QG of G over the rational

numbers Q consists of all formal sums
>az' ,a,U0Q ,z'0G

vOF"

< Addition and multiplication of elements of QG are

defined in the natural way by
Yaz'+Ybz'=>(a +b)z",

vOF" vOF" vOF
r>az =raz" ,rtQ
vOF" vOF"

and
>az'ybz"= Y abz™

vOF" vOF" v,wiF"

<> QG gives us an algebraic notion for subsets of F", or
codes: corresponding to the code C O F" we have

the element
C=>c2’

ulle

of QG.



< In general it may be helpful to think of the elements
of QG as “generalized codes”; the coefficient c,

being the number of times v occurs in the “code”

<> For example, corresponding to the code
{000,011,101,110} we have

C=1+z,z2,+z72,+172,



€ Generalization of the weight distribution of a
code

An arbitrary element of the group algebra QG
cC=>cz

vOF"

with the property that
M=>%c #0

vOF"

Then We call the (n+1)-tuple {Ao, ..., An} the weight

distribution of C, where
A= Y,

wt(v)=i
This is the natural generalization of the weight
distribution of a code.
€ The weight enumerator of a code

<> We define the weight enumerator of a code Cto be

W.(xy) = % ey

vOF"

— éAXn—iyi

A will denote the number of codewords of weight i

in C.xandy are indeterminates, and W_(X,y) Is

a homogeneous polynomial of degree nin x and y.



< Example. Consider the even weight code
{000,011,101,110}, denoted by C.Thedual C is
{000,111}, and the weight enumerators are:

W (X, y) =X +3xy°
W, (x,y)=x"+Yy’

€ Characters
<> Toeach ulJF", x. is called a character of G
X, (2) = (D",
where U LV is the scalar product of the vectors u, v

over Q.

Note that

(') ={ 1 if u,vareorthogonal,
XAEDZV g i not

< X, isextended to act on QG by linearity:
x\Zaz|=Tax @)= (D"a

vOF" vOF"



The statement of main theorem
€ MacWilliams theorems for nonlinear codes

<> Define acode C
C=>c,z",

ullc

{A,, ..., A} is the weight distribution of C, where
= ZCV,

Wt (v)=i

and the weight enumerator of a code C to be

W, (x,y) = 2cx™ "yt

vOF"

=2 AX"Y

i=0

< The transform of C is the element C of QG given

by
=L sy
hA udF" v
and C=Yc,z",
so that
1
c =—x (C
= %O

1 y
- — C Z
YRAPLY)

1
— -1)"c, JUOF"
" IO



Then the weight distribution of C is

{A,..., A },where
|
A= 0 2O

wt (u)=i =i

and the weight enumerator of C is
WE' (x,y) = Z(;A]'Xn—i yi

W_ is given by a linear transformation of W,
C

< MacWilliams theorems for nonlinear codes
W, (X,) = W (x+ Y, X - y)
or equivalently
A=SSAR(®), k=0..n

M i=o
P«(i) is Krawtchouk polynomial which

1+2)"@-2) =3P (07’



<> MacWilliams theorems for binary linear code

If C is an [n,k] binary linear cod with dual code C"

1
W, (X, Y) =ﬁWc(x+ y,X=Y),

where |C|=2" is the number of codeword in C.

Equivalently,
A e 1 ¢ n-i i
k;p&x kyk:ﬁgA(X"'Y) (xX=-y),
or

u%ﬂXn_Wt(U)th(U) — %E(X + y)n—vvt(u)(x _ y)wt(u)

<> The relationship between the A’sand A’s

N
A =i LARD

(x+y)" (x=y) =X R.[)x""y’



< Example. Consider the even weight code
{000,011,101,110}, denoted by C . The dual C"
Is {000,111}, and the weight enumerators are:

W, (x,y)=x"+3xy" and W_(X,y)=x"+Yy’

W (0 Y x=y) = L0 Y) + 30+ ) (X =)
= )(3 + y3
=W_.(X,y)

€ Transform of the distance distribution
Now let C be linear or nonlinear. Let

D=(1/M)C? . IF we expand
D= d z" -

wOF "

The weight distribution of D is

{Bo......... B.} > where
E3i = ZE:dw

wt (w)=i

{Bo......... B} is the distance distribution of C

By applying MacWilliams Theorem to the
10



element D=(1/M)C? of QG we obtain :

The transform of the distance distribution is

|
B = — D
s Mm%:)s(u( )

<-Properties of theB s
1. B >0 i=0,e........ n
2. If 0OC > B;j=0 =A=0.
3. Bi’ =0= x,(C) =0for all u of weight
| = AII =0.
4. Bi’ Z0= x,(C) #0for some u of
weight 1.
€ Dual distance and orthogonal arrays
Definition. The dual distance d'of acode C
is definedby B =0 for 1<i<d'~1 -
Bd,' 0. 1f C islinear > d' isthe minimum
distance of C".
Note that with this definition of d’ » Equation

hold for the distance distributions of nonlinear

11



codes.

Let C be the Mxn array of all code words of
C.If C islinear > anysetof r<d’'-1
columns of C must be linearly

independent > otherwise C” would contain a
vector of weight r < d'.This statement is also
true for nonlinear codes.

Any set of r<d'—1 columns of C contains
each r-tuple exactly M/2" times-and d' is the
largest number with this property.

Remark. An array with this property is called
an orthogonal array of n constraints » 2

levels > strength d'—1 and index M/2°™,
Example

The (11,12,6) Hadamard code A;,. Since this
IS a simplex code and contains 0 > the weight
and distance distribution are equal :

i 0 6

A=B;:1 11 W, (x,y) =x"+11x’y".

12



The transformed distribution is obtained

from

WL (Y X=Y) = (O Y LY (X Y)')

=iBi Xll—iyi y
and is equal to
1 : 0 3 4 5 6 7 8 11

B : 1 18% 362 291 291 362 181 1
3 °°3 T3 “U3 “°3 O3

Note that > B :170§=2“/12 > Also

Bi' >0 > as required. This table shows that
d'=3.

Perfect code

The sphere of radius e around v is then
describe by

2'(Y, +Y, +---Y))

If C is a perfect (n,M,2e+1) code- this fact is

expand by the identity
COY, +Y,+Y,) = ¥2" -

udrF"

13



where cC=>7

vC

> Example
For the perfect single-error-correcting code
{000,111} » C=1+z12,25 >
Yot+Y,=1+z,+2,+25 > and indeed

CLWyY,+Y,)=1+z +z,+z,+z22,+22,+2,2,+2,7,2,

V. Conclusion
14



<> The weight enumerator of the code C is

denoted by

W(T(X’ y) = gAxn_iyi — chxn‘Wt(U)ywt(u)

ullC

<> MacWilliwams theorem for nonlinear

code

1 ’nl |
WC(X,Y)zﬁ C(X"'y,X—Y):;A,X y
AK'=$_§A,PK(i),k=o, ........ n

‘ (X\(n—X
PK(x):PK(x;n):Z(—l)’(_j( j

JINk=]
k=0,1,2,...

<> MacWilliwams theorem for binary linear
codes W_ (x,y)= 2iKWC(X +Yy,X=Y)

<> The transform of the distance distribution
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